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VUTESTOUM UtSOliL LiBOEULl'OBIES 

31 October 1957 

OBJTCT 

To darlv« baalo ring load aolutlona aetiJig on • conleal ■holl and 
to »pplj thoB» romlt» to a d«a ^ crltorion for cirewamrwAUl rise 
■tiffnMr» tor a COM laadvd by axtamal prOBanr«. 

1. Clrentfarontial lla» lauUat <!.•.> "ring* loadla« jsolutiona 
for nonul «ad afaur fare« dlatrlbutlona aet^jq «rtoniall.  on a eon« 
are ctrri«^. out la datall In tba Appendix.    Br Buparpoaitlon, UM 
corraapondljic aolntion for a "rlnc" load of honaental foroa «aa obtainad. 

2. By Maklni auitabla «ammption«,  ti« rasnlta In par^jraph 1 «ara 
appllad to tha fozmlatioc of a daaljn erltarloa for c Ire »Tare ntlal rla» 
atiffaaara on a con« loadod by «xtarnal praaooro.    Thia prooadura la 
daralopad la Saetion II of tha raptrt. 

3. 1 etiMBary of tha purtinont daaign information Inclndlag tha 
raactlea Ibroa on a ring atlffaaar, ipadng of tha rlngi, and «traaaaa 
la tha oeaa andar a ring la praaaatad la Saetion III. 

«Wv 
Hatbaaatlolaa 



I. 
Utbough coisiterabla «ttantict tm» bMB dnoMd la tho LltarUure 

to  tie Btudy of qrUwHsti. ohaLU,  V a  "—irtiat wir« diXf Icult problm 
of a coalcal »tell has roc«l«d fw la  b sitaBtloB.    In pax-ticulw, 
inforwatlon n«CMe»ry for  tba d«ilpi of cirewfvr<Btiml rlnc >tlff<n«ra 
for conical  ahalla doa* not appwr rMdUy svnilabla. 

Tbla VVport contains a darlratian of th* «treas an«l7«li  corraapond- 

croaa-aaction 
Bwaiyali. 

i raport It la baliarad that tba daalgn critarion proridad In t 
rapraaanta a conaidarabla j^o-ovaaant erar that eananUy bal 
Hewayar,  tba aolutton aval ba eonaldarad aa onlj an apfa^oxiaatlon to the 
rlBC attffanara contaaplatad daa to tba praaont alaplificatioo of the 
crow-aaetlonal taoaatiy of U» aUffanara.     Should a Bora praciaa awlj^ls 
of a rim aUffanar vlth a aora oe^pllsated oroaa-aaetlonal kau^liy ba 
daairad, ■neh of tha Infraaatlon alnat^r obtalnad la thia x 
ntillaad. 

Davalcfnaat of a daatffi critarion far oiwfaraiitlal rla« atlffanars 
for oonaa la earrlad oat In tba flrat part of thl» rapert.   Tba daUUad 
atraaa ana^TBle for tha rlnf l-^'lni of a cona ia oarrlod owt in Ilia 

priatarj affaeta «ra 
Flag, tha criterion la 

tBf tba     "" 
hoop atraaa la tiie 

f* ' 

»% 



St»t—»nt of Vtom Prohli 

Conoldor ft clrenlu' c 

PIOUSE 1 

The  con» Is mr.tfä upon by «ctamal preseur« Ps,  and the oat nrtlcsl forci 
la oonoldarsd to b« balusad by th» forct F ^ppliad to tb* uppw and, aa 
ahoMB in Tlgixr* 1.    ClrctMfsrantlal rln« »tlttmmra vlth oroM-a*otloaa 
illuatratad by th« «taadad band« *ra to ba BpM«d along tha alant laDgtM2' 
of tha oona, 

Altbough tha lovar aaotloo of tha eona oan ba oloaad, «a do «aanaa 
that tha rlnf' *r*  «pftoad at auTflclont dlatowaa teom tha rartaa «ad 
tha baaa B\)ppoet of tha oona, and fron «wh other ao that and affacta 
or iataraetloii affacta ara oagllglbla. 

(5)  5aa loc.  eit. 



B.    aadlal teflvctlan of a Coaical Stall tmc 

Consider  th»  dftfamtlaD of • conic«! Bh«ll  (with no rtdfABcn) 
wvlar «xtnnAl pr««nr«, Pj.  u lUwtrstMl la Flor» t« 

Lit ua conaid« t)M d«ton«tlAB at r * «,  and daf laa 

tan   0, • V>x « 

The hvlaontal or radial dlaplac—art, «, (poalUTa In tha laoraasiac 
r -dlra«tioD eanba toawd to tba fffitmU*'     In particular,  ttam (Jt-UO,, 

» • •       i BK  

' 

 :-^- *   ,,-;■;, 



C.    A Sljpnri»d Deulp Critarlon 

A siapUfitd crltorlon for the daslgn of raioforclne clrenafcrantl«! 
ri.nRs for ■ cone under MrMmal presnurft in the asB^^tlOD tbat the r«actiVB 
rare*« batimen U» ring and U» cone coiT«Bpond to • unifom radial tanaion, 
Fr.    Such KI aaamptlon oaslAct«, of coura«,   the effect of reaction forces 
which ceuM banding ol the ring.    In fact, auch an aaauaqptlon perr.ite only 
anoiogh flSTlblllty to enaure  ctacpatlble radial diaplacanaate. 

Subject to tfcn llju.taU.ana of such a aintpiifiea «aaiÄption of tha 
reaction forcea, we new proceed to foraulate a dealgn criterion on '.his 
baala Let S^ be the decrease of the radlua r - a due to the external 
preasure, Pg, acting on the non-reinforced cone.    Than,  from (2), 

1     -^^^  ....U) 
(Note that in the lunitlng case of a cylinder, p^ ■ 0, we eonslder the 
praaeura acting on the ends as wall as the external curved surface.) 

Now, let the nagiutudB of the radial reactive force par unit length 
of the cirevnference of the cone at r ^ a be denoted by tr 

The reactive force acting on the ring («aaueuig the cross-sectlonal 
dljnei slons cf t^e ring are snail in coaparlson v.i-h the radios, a, produeat. m 

average coapraaslTe force r>f Fra     Thus, the corresponding dscrease of the 
inner radiuc of the ring  la approxlaItaly: 

where k ia the croBB-aectional area of the ring. 

«r 
(1 -«ITJ2 PI2 

vyi • PI 

 - 



Per coMpatlblUty of cUsplftCMmU, 

sine« »\ - J\ yHi^t^), it I» «Tidont th»t v*x i« mgagBa» 
c(*p«red «ith ft\ ant tba  ssooiid tem of the br«ck«t«d •wprwMioD is I i tX wd tba ssooiid tern of the br*ck«t«d •wtprwMioD is (5) 
li MgUflbjc for the rang» of COM uflM In vhlch ¥• «r« lnt«r««t«d. 
Tbrnemtor», 

♦    57==r"     S?  ' 
> ZI^   7l ♦ Pi2 

(^ 21«, y i * Pi2     ^J        ^ 

•»TA) 

Tor tb* CM« of the ame MBtarlal for the eoaa ad «tirfsnor, 

J   A   • il - >./W<I-»A) . 
(.» '»♦ •»•     J '  <») 

(It is litt«r«stlac to note th%t this forwü.« coincide« with tte Bolvtlan 
for « orlliKlor, pi  • *(  «■ fowd in Ilixhwiktt, "Ttaswy of FlatM nd 
Shell»", pp. 1|0$-M6.) 

D.   SpaclüK ot StlffMMT» 1»CWI«T to ATold Intwatlon SSMMOSftMBi 

In order *9 •■tiakt« tlM «ffMt of the (vaadxltgr of adlMMrt etif feaere 
In latXaaoclni (M dMlgo criterion (71, «• owwldkr UM npldltr in *ilch 
th« ndlal point laid dloe attt wit"' dUtnaM *mj tram lb» point of applica- 
tion.    For the range of i—W which ■• u* Intoreated in, it eas h» town, 
after MM tlftfe* and animr of M^ltarte oouUn-ktl«-, ttal 

«tar* Q la (teflmd In the AnMndlx. 

< 

I -—    - 



By exwilnlng tho numeric»! vsauas of this ratio, wo c»n drw Uie 
folloulng conclusloQB; 

A conservative estimate of the spacing at circumferential ring stiffaners 
such that the design criterion (7) can be spiled independeot from appreciable 
Interaction effecto can be 8l^>Iy stated.     Consider a stiffaner with radius 
"■"  and 1st "d" be the slant dlEtanca betimn th« given stlffonn- and Its 
adjacent neighbor.    If interaction of 5 percent of the radial displacement 
is tularated,   then: 

a 2 ——fanr-rrz—     , ....   U^J 
X/BIB gso 

a») 

Case 2,  if the stiffener has adjoining naighbora on both sldee; i.e., 
it la a central stlffaner of three equally spaced «Urfenara, 

X/iln(iJ 

Subject to the apiiroxlmatioJi» dlecussed in the proceding sectlona, 
the correapcndlog design c riterion for circumferential ring ^tlffooere 
on a cone loaded by external pre-aure cai. te smparised as follows! 

A.    Reactive Force on Lhe Hlog. 

The reactive load acting; between the ring stlffaner «nd the cone la 
deteralnad in tens of th« applied pnamra fror. I applied preaaora fror. 

lay 1 hBB als {90 



T    • fturtlf  fore« par tmlt length ot clrt:u«'er*ncB  tftetlm horixontmllj) ■ 

Pj - BrtonuLL presmr«   acting an UM cone 

fa ■ Thickn»« of  the corüc«! abAll. 

LT ■ PoiBao&'s ratio for the con». 

Kg - Touig's Hoduloa tear Mb» eon«. 

Ey ■ Young's Hodnliw for U.e ring. 

A ■ Crosa-Bäctinnal «j'e« of tha ring. 

0O - Cone «ngX»   (Flpu-o 2 ) 

A. " —* 3i1~/   1-        vher« a IB the i-mdlus of tha con* at ttw loeaUoe 
y»h of  this  ring  BtlfftMT- 

B.    ap«cUag of U» Blau ^tlffwnor». 

An TTOC of l«sa ttwut 5 p«rc«t 1« aaito la «slag (12)  for iwlt.Apl« 
BUffttttVfl, provided tho atlffran-a ar« loc»v'U "d- dlataac« apvt «bar« d 
la BMsnrad along th» slant langth.    Th« value of A la glraa by 

CMa 1, d,>      g 

* XT^T^ ....   (13) 
If ttw ntur-mer has onl^ ona «IJolnlng aalgfafaor. 

Caa« 2, 4>. : vsnr 
If the atiffanaar has adjoining aalgbbora on both aid»;  1.«., 
central sUffeoar of thr«* «quail; spac«d stlffatiara. 

f , 



C.    ^iranLcs In tho Cor.a uncicr the Ring ^tlffgner. 

-he atrosse» in the COM) vuider the rin^ stlffener are ottained by 
superposition of the cffecis cue to the external nros^ure, Pg, and the 
reaction force, F . This infonnatioa 1B contained in the Appendix, 
Equatione CA-90) through (A-109). Consiajvin- Lh9 rangt ol parajwtera 
which is of practical intareet, one can eluiplify these oxpi-Hosfona fror, 
the carder of magnitude arguneats. The following apprcocUnate fomulae 
for the straseee in the cone und^r a ctiffenar are obtalnod: 

1. Bending moment resultant,  M «   • 

F_   / Bin rf_ 
y!w       l\  (15) 

2. Shear stress reeultaatjQ . 

<J » 7 1/2 Fr Bin >(0- ....   (16) 

3. Stress raaultant, Nk   . 

«( »»   •1ATI*.0,- g^jg ■   ■   ■   ■   »7) 

Stress resultant, U & 
(/"coo 0 0 —,  Ne fti (^  5  ?*]v 

5.    terldlonal banding stroosjCTi B 

y?B> 
27U^ 

The darlTatloaa and prearatatlon of fornula« have been renewed 
by Balph F. Julian, —hf of the Mathematics Section, Watertoim irBanal 
Laboratc^iea, Watartowi Areenal. 



of a riebt circular con». 
daslfnar  th« «ndarlylrw —wptloM and  apprtndflationa ua»d la obtalnlm tha 
solution and a raviaw of tba BOMnelatura used. 

In this Motion, «a shall suMarlM  the basic equations of a llnaarlcad 
thlT>-»haU ttaaorjr as formOatwi b? E. ftalsanar ll).    Doa to tba axUl  ajmatrr 
of tba gaoaatrr and tba appllad load tha basic aquations «til ba diractiy 
■odlflad to tha caas of azlallr sjMati-le dafontatlon. 

1.    Dafinitlon of Strass Basultanta and Coupls». 

It Is oonranlan.  to inirodnca cnrvtllnasr coardltutas for tba daaerlptlon 
of tha alddlB surface of tba »hall.    A point    P on tha sholl of rarvolntlon 
can ba daaerlbad hj two paraNslars f and 6 as shewn in Flfura A-l.    A point 
P' lying in tba »h»ll but not on tha alddla surfkea can ba daaerlbad ralatlTa 
to tba Mlddla surfaoa by a third paraasiarl nsasnrad aloni tba normal to tha 
■Lddla surfaoa passing through P'.    Dbdar obrloos ph/>lcal rastrlctlono of 
tha shall,  tha paraaatsrsjC,^ ^ oonstltuta an orthogonal onrvllinaar coorÄ- 
nata s/sta« Nfaleh daacribas unlQualy «rar* .taint In tba shall. 

1     H / 
/ 

p 

»(I) 

s^^) 

A* 

A.M. 1877 ö 

PI8URE   A-l 

0* 

** 



N,- 

Now oonalttar « currlltnMr ■'Uwirti of th« «hall as ahown Uo Fl««r« A-2. 
Th« thlckiw«« of ttm tteU,,  h. Kill b« ■•muwl micb BMUW th»n ttM prliwi- 
pftl i-ftdll of cwTfttur» of tba owrlHJWftr •Uamt of tbm KlddU  »urfso«; 
nanco.  th» T«rl*Ucin of tbc Ungtha of ttw aide« of th« «laMiit la tte thick- 
neaa dlr»ctlon win b« na(l«etwl.    Th» «»•fflelwt o< u found fn» th» 
^ti» ^_ (rl)2 ^ ct>)2| (^ 

wher« primas d«not« dlff»r»ntUtlon with r»sp»ot to £. 

For axlftUy «yiMtrlc dtfonvtlon tb» only nontrlrlal streaa ocMponaata 
sr» n, 0« , OV , tTt IL • Tfw r»Bultant str»M»t »nd couplks du» to thaa* 
strnasas wh«a h I» rtn oow«d with th» prlnclpul i-«dil of curv»W*<« ar* 
d»fln»d »s fclloMa: 

■'•■ ;>.« 
It le aorrranl»nt to Introduo» th» addition«! notation diflnad In 

Figur« A-3.     T,-ia «tarn»! atraas vootor aoncld»r«d aa actlnc on th« jBUMfri 
surfac« .dua to tm thlna»«« of th* snail) mil ba eon»td»r»d ft» r««olv«d 
into a v»rtloal oaonoMnt,  PT,  and a horliontal a<9«|>on«at, Pu.    Furthnsor»• 
horlsontftl and vtrUeal atrasa «wetor« H «nd 7,  r»Bp»otlT«lr.  will b« 
introduofed wh»r»b7 

»I   nHeos^S    ♦Valnjg (j^S) 

ü      * -H  «ln(B +Vcoa0 

(A-2} 



adf 

ROURE A-e 

W 



V 

/ ^\A* /      7^-~H 

/ PK   / 
/ / 

s / 
s S 

FIGURE A-3 

FIGURE   A-4 



2.     Strain CoRponont» 

To dswriba the ooapononts of strain it is conrsnlant to rofer to Flgura 
A-JJ.     Subscript« "o' srs us*d to describe the eleaant in its undefornad posi- 
tion.    ?urtbem>re. in addition to the  saallnssa of b,  a second basic 
a&maviion la aada - nunlr.  a noraal alewmt to the Mndef oread aiddla 
surface is carried over (without chance in length) Into a normal to the 
ctefoned «iddXe surf see. 

The diaplaai 
w, respeetiTeljr. 

Tho two principal ntreln». 6^  and 6e   ■ can be defined in the usual 
Manner of thin shell theory in vblch at aoat a linear variation of the strain 
across the thicdneas is aenaeJ.    Thus 

3.   IdJiearlMd Theory - Besie Beletlona 

Tt« llneai^sed theory which «ill now be considered orlfinatea by aettlns 

fi 
and liaearialng «nth re*peet to •. rurthanore. in the eqailibrina equations 
no distinetlon is mde between tne deforead and tbe undefomsd eleeent. the 
basic relations *loh are used in tbe limarised theory are aa follonsi 

BttrtMBUi wri laettirt timm Umximu 

Q      —H    sinff^ «Voos 0e 

5f^ 

-* 



Fore. Mid MWMnt, ■mimbrlM gTUationa 

(rV)'   ♦ r«PT    - 0 

e««>-"u/r- „^ 

CA-«) 

3tnM - BaM Mittmi 

»I- 
M» ■ 

ft (sT^ + u-s>m) 

^(«e^ + ire,«) 

Mh«r« tr knd 1 arc PoiHon'i ratio end lounger «jduiuo, r*«p«otlvoljr. 



■■'»im - <■;.«*/ " - ^Z3 <,-13, 

't,    Kaductton to Two Stxaltaasous Squetlona 

tb» twaio ralfttiOB^ ■—rl—> in tt» prartous svcUon o«n b« i-oBtatnöd 
Inko two iJJUliaMOiU alfrarantial «inatioi».    Tor tha MM of eonaiant SIMU. 
tblokMM.  h,  this ■T81»« o«n ha wrtttan ««, 

(A-1+) 

' ■ ■ 

—,—>_  



II.    Ganoral Solution of the ULnaarlzad Tbaorjr for a Cona. 

1.    CurvlUiM&r Coardlnat«8 for tb* Can«. 

tbm particular enrrlllnaar coordlnat* oyat« for tha a««« of «  ecnleal 
■tall 1« Indicated in Tifcr» A.5. 

L^Jjy 

1  Bur>c»i of lh» COM 1« daaerlbad by A 

**"     ^0 ■    i/Pl 



2.    Oatwral  solution of the basic lln«iirli*d «qUAtlons. 

In ord«r to solv« tho b»slc UnMrtwd •qaakioas It la naMasary to find 
a solution to tt- •  systaa of aqnaUoBS,  (A-IA).    Thla la doiw bj eoablolng a 
particular aolubloo of tba nonhoMoeaBaoaa BfUm tilth tha fcanaral aolntloB of 
tha boMDcaoaoua ayataa, 

Tha "wabrana' aolutlon la *•: .a aa tba particular aaLntlon of ttaa noo- 
boaDganaoua nysfm. In partleular. daooUnc by tha anbaerl^t ^tf ,tha qnantl- 
tlaa «orraapondlng to tha aaafcrana approxlaatlon ara 

An"0 

Tha aolntlon of tba hfug«uauua ayataM of aqaailons corraapoivjinc to 
(A-lif) can taa obtalnad by th« aall-kncntn proc«aa e' aay^totle intacratloB. 
Such a aolntlon,  valid prorldad tha  oona la not too ahallow,  can ba ar'ttau 
aa followai 

(0,,   ^t- f •'   <»oo ~a " ♦ »lo ■"> "I 

• C     (£»„, oo. 0 . ^ .m 0) j 

♦ •    (B,,,  alo Q . Big "»a 0)   | 

v  -, ~i^ 



» «     (Boc «In Q + Bi,, co« .] 
v^f.V) 

Ttw  QonaUnti In  (A-20) mat ba datarMLnad from tha and or junction 
condltlona at tba particular probla» conoldarad. 



III.    Solution for Ring Load of Konwl Preasur«. 

for "ring' loading of axtcmal normal prossure wa choose < 
daacrlptlon as la Indlcatad in Figur« A-fc. 

ri^URE   A-6. 

Tha variloal and horlsontal a—^WMrtl la tfaa oomrantloti daflnad In 
Figur» L-3 ara tharafor* 

PY -   P coa ^, 

-P aln^. 

-a «  f «    ♦ « 

-a« | * ♦ • (i-22) 

- 0 ■<|||**« 
Sine* tha appllad lead la not a>lf aonlllbratlng. It la naoaaMrj to pro- 

Tlda an additional anpport at tha anda.    Simom «a «ra  onljr oonearnad Hltfa tha 
local affaoti of tha ring lead! without leas of aocorauy wa shall aasuMS that 
tha unbalanoed appllad load la halaimad hj a yartloal load acting at f a «A. 

I»' 



üence,  ua assume 

(rV) - 0 J *   -J. (»-23) 

Fron tue first of the eqnllibrlija «quatlona,  (iue), we find 

(rV)  -    ./'r«.PTJ|      -      ./'   rr' Wf 

■^E_[[--(f)]2-   ['(-)]«].    -et^SS 

-    -Zp,   mP*Z ,  | > » 

Slno* tb* aolullon «ist b» boundsd *t top and botto« of th* con» lt Mn 
b« ■Mn fi-oa (A~20) ttuit (nbaorlpt "n"  for nonul "point load") 

fi'iHfl «■*(Veo,s + A.»s'"s)'] 
^-jTT—[«-•(Alnc«S-A<)Bsm<5)]+^g.(rV) 

fcr   | >0, 

(A-M) 

l^-y-1 [e+4(B0„smS + Bmco»G)]+^!Ei(rV) 

w |<0. 

TtM four Qonstantt Aon' Hn- Bos »ntJ Hn '■■^^ ^ datandiwd froa condi- 
tion» ■*(■ 0. Fro« obrtom pEjsio«! eensiaiintioiu wo rsqair* continuity of 
Sind A'  «t J - 0.     TtMi« oooditicn» Ij^na« tkw raatrlctlon»,  raapaotivoly, 

k Bin " ^^on    . (1-28) 



Tb« two rwHlnlng conditions Must be obtained by fore«  oonBld«r«U.ons «t £ * O,      | 

Sine« on pnyalcal groundo it is «ridont th*t Mt Most b« continuous «t^- 0, 
it follow» fro« (1~9 ) tod Cl-12.) that the qosnUtjr        N» wist «lao   b* 
continuous «tf - 0.    Contlnuitjr of N^ lupllos  continuity of  (rN|}ifble>i in turn 
fi-oa (A.?) IJ^UM oonttnuitf of (i-H) co«^-KrV)siit^.    Thsrvfor«, 

r ■, (x-29) 

■&i-\l%, -t'Vs}si"*' 
Fro» (JUU).   (AJ.6),  snd (A-24),  it follow» thsi 

*i*f.* - ff-s] 
• 11»    (IP!»**2). (4-30) 

Fron CJU25) snd (4-26), 

Tbu«, 

^f= (Am - Bm) = Uo a*» p (i ,-pn (A-») 

Ths rMwlnlng condition 1« found fro« sn HtMÜftitWi of tb« last tan 
•quilibriHi condl-Won» la (A-8).    Again fro« contlnuttj It folio«  thst 
(rH)' «Qd    (rM.)    ■*> rM.(H dlnft- T^osgy nut b« contlmoos at /  - 0. 
TYJUS,  sine« the continuity of (rB)    lapll«» ths cortlnuity of W  , w lym 
tb« condition 

*-l3 

■ aäaiü -^-A-. 



.    ., 

t* ^ = kr0 ^.-s (A-S3) 6-*0 

Jlpplyl"! tu> condition to (*-25) «nd (*-26) ■«' «"il'l S (i-JS). ylold« 

The  oontlnulty of  (rHi)'  ♦ rot(H iln^- 7 ooa^} can b* ahora to 
follow fpon tb* praeodln« eoTxlltionB. 

The  total aurfaoa ar«« over which tha »pplUd load la acUng la 4ir».Si/t+-p1
1- 

Thus, If m daflna rn aa fore« par llnaal Inch ot ■HMC'lTcKatjnrente   of [ 

tt-a oona ii.-t 1 JO, 

F,,. = a^sr*prP M-«) 

fly daflnltion of tha  ring load concapt, wa tharafora writ« 
lig^ Zfceyi + p,»-   P - F,, (A-36) 

Ma tharafora havatSa four condition«! 

»in* Bln- "on   (V87) 

P,(Am-Bin)=   '"•)^  ti*ff*" 

known ojllndrloal roault 1»  obtalrwd.) 

Tha syfttem (A-37) looda to tha following values or ttM eooffldontB: 

»mi- 



Tat aolutlon la now comylxt* In that all Inforwilon can ba obtalnad fron 
tha funetlona A mnd U/ «kftoh «r* now eowpLatalj «tofinad bj tquaUons (A-2S), 
(A.26).  and {A^S). 

0 



IV.    SolutloB for KlMg Load of Shear. 

For "rt.ag" loading of «rtorwU. ahaar wo ebocjo our 
u ladicotod 1» PIKUTO 1-7. 

coonltaato dooorlptlo« 

V* 

I 
f%. 

IKI 
*-U 

tlaaa i-7 

Tb« ▼«rtleal wd horitoatal cn^juwwrt« of th» vpliad load ar. ther«- 

Pv   ■ <3n"#o 
- o 

PH " Äeo»^, 

- O 

-5 4  f i S (A-M) 
SÄ|f|<»o 

S<:lf|<«> 



Agala ve will UBUMB the nabalucad rertic«!  ec^WWfc of the applied 
load is bklucad by a »ortlc«! lead acilttg ab |*w>.    FitM the  flnt of the 
equilibria» coKtltiou 

-   0       ' ^-S        (A-«) 

Frtw hwnwUrt—B of «olntio». It «SKla f«Unn that (aabMrlpt >■' la uMd 
far sbMr ■■rla« loaäbv") 

/^-.^[••(A.BCosS + AaSlnS)] 

^ -y^= {%'*(Aa co»S - A« s^S) ] + f^ («-V) 
tor  |>0. 

M   /a.r^«*s(Bc,e..«-B|i«5itS)j (A-W) 

*«r|<0. , 
^poaiag agaia th« oowlltioM of continuity ofyS   *MAA  at \ -Oj yloldB 

the toe ifilatioa», 

aad 

^l. * ■«. • "e. . (^S> 

0««rUB«Ur ftf «>• «treee reaultaat <1 for «hi* oaao of loadiaf 1» wAAmX fro« 
phreioal ecNaaldaratio««. Thoa, alMco (l<U «uat alee ba oomtlawua, fro« (4-7) 
ii fellom that (i«)ala^- (iV) oea^mt alM ba oMridaaoua, or 



Utilizing U-Ul),  this condliloa ou ba wrlUsa M 

■m 5-*"0 (^|.s   - S^-s]   =-W   2p18?-»-<3. (A-^) 

But, 

S -bBtltutiBg (A-Ue) Uio (A-k?) rialda th« coaditioa 

*!■ "  *U    . (A-U9) 

Th* fUul oor.ditlca O«B ba 3btai.m«d by co««ldorlng tb* nmtlMiMt two 
squlllbriuM «qnatluu 1> Jl-^).   CoABlsiMt with th« prceadlig uau^ytloM, 
v« WIMX aMur« th» aewilmlty of (rHj)'  awl (i*)'  - «.Nd •    It em be shoMa 
that (r«j)' la aoatlmoua providad tEa prarleua eoadltioaa ara aaforoad.   The 
final cojiditloa can ba atatnct aa 

=';£<.-IS-srSt-s)] 
Since tiL—la eoatlanoua.  It followa fro« (1-12) that 

Tiiui,   (A-50) baooaaa 



Bquctlona  (A-l^),   (A-U5  ,  (1-119),  r»d  (A-52) daterwlpa th,t 

We «gala Introduce th« 

'o.      °o.     "U      "!■ •> 
H-Ehr/äSi s-^o 

ihMr force per lUtmrnr Inch of cliwuifsrence *t ^ ■ 0, 

C, = z*iJ\i-fr-S (Mao 

*o. " Bo. ■ »1. ■ «U (A-S5) 



■-    -^ ■ 

V.     Miavlor of the Conical Shell at the Rlne Load Loostlon. 

In this  section w» shall calculate the quantities particularly useful for 
design Information. 

A.    Conical Shell with Sing Load of ^Eternal KonMl Pressure. 

The gmnral solution of this case was carried out In Section III. 
Hefor" carrying out specific calculations, SOBS simplification is prorided 
by introducing the well-known quantity,>v. where 

yäfi-y') 
/KIT-    "    /aäJT 

Th«n the coafficlmts In (1-36) can b« written es 

Furth«n»ore, Eh 

G'(o) = a-XyTTp' 
1.    Eveluetion of bending aveiuetion oi  oenoing nomaut Mj iu;. 

When the uona Is the llMlting case of a  cylinder then p,"  o and M-, (0)  has 
the well-known value F^ /lv\ . f 

2.    Evaluation of the shear resultants, Q (0). 

rl - -(rH) Bln^* (rV) cos^, 

■Am, Mo* 
(A-W) 



3«    Bvsluation of the strua  ronult«nt, Nj y>    -A 

(«. A contlnuoua «tf - 0)' 

U.    &r*lu*tlon of th« atr^os rt -iiltant.  Mg 

H.  is contlnuoua  «t f  ■ 0 and 

5*    ST«lu«tlon of th* radial dlaplaca—Bt Ijfc   H QN 

u|.0'r<>fs*nVo=   EV(N«-,'N|1J.O        (.A-63) 

6.   Bnluation of th« T«rtloal diaplaeuMntMfe v0\ 

w' ^«^-r.'^-Jtr(Nl-^N«)-».P..Ö 

w(p- *(-): ?Jlfi 4f, 4 iUÄpdl + C 

^^ 



7.     Maximum meridional bending  atrM8^0> I» 
At ^ - O, ws uffUMaa*! varioo  linMrlj Mroas the thickness, 

8.    Hoop BtrMB, 0^. > at   I • O 

B.    Coalo»! 3b«ll with Rin« Load'of btarntl Shew. 

The generel selutioa of this '.aee wu oerrled oat In Section IV. 
IntrodualngT^ in (1-55), 

STmlae.tlon of M» (o). 

M; to.o)-«^- (1-69) 

Z.    ST«lu*tion of the sheer resultants, QCo). 

For this loading the sheer resnltent Q is eonttnoona st(a 0. 

yf» 

1-21 

(1-70) 



3,    Evaluation of the streiis resultuit "t /i»o} 

h.    Erkluatlon of tb« straas rasultuit, N^ , 

5. Evaluiition of the radial dlsplacemnt '-1». 0 

6. Svaluatlon of the »ertlcal dlaplACVMiit, W-HQ   • 

7«    Maxima ■•rid.i.on*! banding stress. 

B.    Hoop .tr-.,!^,* f »O 

A-7S) 

-79) 

„.    -. 



__■ 

VI.    Asymptotic ipprcndjnatlon of the Integrals InTolTed in the äraluatlon of w(0)- 

It waa  shown In the previous section that In both ring loading oaeos, the 
vertical dlsplacenent ^at]|vO Involves evaluation of the Integral 

In turn this involves the evaluation of the two Integrals I,   and Ij where 

Although those Integrals cannot be evaluated la closed for.., It will now be 
shown that a very accurate approxiBatlon can be found for I and Ig by consider- 
ing the asymptotic value of an equivalent integral. 

Lot S-t (tP'-JV) 

-"•"        x • ^/iT u-63, 

Substitution of theee relations in (A-82) and letting 0 *Y • t, yields the 

. incejf is very large, M^oln find an asy^totic approximation for (A-6i0. 
duccessive integration by parts, yields 

.   _i^e*"-l>dt«t-,'^/Tfrh+iki?l     <i■65, 

l\\zrtior€ 

of  real and  imat^-n&y parts, yielde  the dealreti ap Reparation of real and iMaglnBr parts, yielde the deelreU approxlniations, 

I   » ——Lij===T (A-87) 

(A-88) 
^^   iSjte^ + f^^WiTf? 



VII.     Superposition of  the Procsdlng Cas«S to Obtain a Purely  Radial  Ring Load 

The results for a rine load of «octemal preasura acting in a purely 
radial direction Can now be obtained by aupcirposltion.    In fact, th,* case for 
a ring load of radial pressure ?r correapands to adding algebraically the 
rasulta for 

Pn =PP5m*0 

The basic m»erlosl results for the case of external ring load of radial force 
are listed belowi 

U-^9) 

^-fc&Ä^TO* (A-90) 

(A-91) 

(A-92) 

iA-33) 

tfW«tjFr 
i 

A-iX 

* % 



Howsvar,  In this  CM», 

-ÜfiSi - 0 , (i.102) 

"Hicrt^ofx 

VIII,    Con« ondar «xtamal praBsuro,  P^. 

For a eon« undar aactanul praasura Pg, the aall-taicwn Mvbruia solution 
applloa.    In partlculiTj 

Th>ia^ 

Th« diaplaBaaan-ta c«n ba oaluoiatad as folloaat 

Also, w« 1»« Eh       ^      ^z 



E. Reamer,  "On the Theory of Thlii EUotic SI «11B"; 
RBlBsner Duii-reraary Volinws, J. W. Edwards, Ann Arbor, Hiehi«an 
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